MATH 2400 Old Finals & Quizzes Questions

1.1: Matrices
1.2: Matrix Arithmetic
2.1: Matrices and Systems of Linear Equations

1 1 1 1 0
01100
1. Let A be the matrix [1 2 2 1 0
1 0100
01010
(a) Find a basis for the row space of A, i.e. for the span of the rows of A.
(b) Find a basis for the image of A, i.e. the column space of A.

)
)

(¢) Find a basis for ker(A).
)

(d) Is the vector [U 31 2 (]} in the row space of A? Prove or disprove.

Solutions

11 1 1 i1 1 1 0 0 0 0 0 0
01 1 0 0 01 1 0 0 01 1 0 0
1 02 2 1 of fezfeRe fy g B2FoRee R g g g g
1 0 1 0 0 1 0 1 0 of BrRe-R-Rs 11 g 1 ¢ o
0 1 0 1 0 01 0 1 0 01 0 1 0

i 0 1 0 I 00 1 0

o 1 0 1 u] 01 0 1 0

reordering 11 0 0 Ra—Ra— Rz 00 1 -1 0

the rows o0 0 0 | RisRi—Ra lg o o 0 o0

D0 0 0 nJ 00 0 0 0

(a) From the row reduced echelon form, we see that a basis for row(A) is given by:
{ft 0010.,01010.,001-10[}.

(b) From the row reduced echelon form, we see that a basis for col(A) is given by:

1

|

1
0

—
=T R

(c) From the row reduced echelon form we get that the solution of A7 = 0 is

T1+x4=0
T2+ x4y =10
x3 —xq =0

x4 and rj free variables

-1 0

1 0

and thus the basis of ker(A) is given by: 1f,|0
1 0

0 1

(d) Yesas [0 3 1 2 0/=3[0 1 0 1 0/+[0 0 1 =1 0] €row(A).




2.2: The

1. Each of the following matrices is the reduced row-echelon form of some system of linear
equations. For each of them, find a particular solution of the equation, the [vector space of]
solutions to the associated homogenous system (i.e., find the kernel [or nullspace] of the coefficient
matrix), and then write the general solution of the linear system.

1 20 0|3
00102
@000 11
00O0O0]0
3
Since x5 is a (the} free variable, set it equal to zero and obtain the particular solution X, = (2]
]
-2
The homogeneous solutions are x. = 1 [l] fort € R.
0
3 -2
. 0 1
The general solution is x = x, + x. = 9 +t 0 fort e R.
1 0
0102
00 15
(b) 0000
00 00
0
Since x, is a (the) free variable, set it equal to zero and obtain the particular solution x,, = | 2
[ =4
)
1

The homogeneous solutions are x, =t | 0 | fort e R.

0

0 |
The general solution is x =x, +x. = | 2 | +¢| 0 [ forteR.
D

0

Inverse of a Square Matrix

|

(a) Find a matrix X that satisfies AX = B.

S -

L |32 |2
2. LF'.tA—[__l 3]anclii—[:%

1 3 - 3 -2
Since we can also use it for part (b), observe that A~! = 1 _i § ] = { _i 3

an [ 3 =2][21] o -7
Then X = A4 B_[—4 3”3 5]_[1 11]

(b) Find a matrix Y that satisfies Y A = B.

a1 |21 3 -2 _ 2 -1
Y =B84 _[35 -4 3 [-11 9




3.1: Determinants

210
3. Consider the matrix M(z)=| 1 2 =z
11 3
(a) There is a value of z for which the rank of the matrix M (z) is less than three. What is it?
Looking for z so that det(M(z)) = 0. Expand along 1st row:

3

— b

det(M(2)) = 2‘

N = y — 2) — (3 — )= —=> (
‘1 3‘ 26—2)—(3—2)=—2+49

so the determinant is zero (and the rank is less than 3) for z = 9.

(b) For this value of z, find a non-zero vector in the kernel (or nullspace) of M(z).

2.1 0/0 [t 3]0 - 1 1 3o
1 2 g 0 Rl 13 1 2 9 U Juo—ff—:{l 0 1 6 U
11 3]0 2 1 00 | WA G 1 60
10 =3]0
RlRIZR, ”j 01 6|0
Ri—R3i+R2 0 0 0 0
3
so the kernel is spanned by | —6
1

9

4. (a) There are two values of A for which the matrix Q(\) = [ - 3 A 1 j \ ] does not have

rank 2. What are they?

Looking for A such that det(Q(A)) = 0. From the 2-by-2 formula we have
det(QA) = (2=ANA =N =15=X-6A+8—15=X -6 A—=T=(A=T)(A+1)

so the two values of A are A = 7 and A = —1.

(b) Call the two values of A that you found in part (a) A; and A;. Calculate the product
QA)Q).

We'll let Ay =7 and Ay = —1. Then

[ -5 5 3 5] [0 0]
@NeL = | 3 -3 ] [ 35|10
For the record, if we had let A\; = —1 and Ay = T then

5 5] [0 0]
3 -3] |00

<o

Q-1Qm = |

just the same.




3.2: Vector spaces and subspaces

6.

(a) Let P, be the vector space of polynomials of degree less than or equal to 4. Among the
following subsets of P,, only one is not a subspace, which one is it? You must justify
your answer. You do not need to explain why the others are subspaces.

(1) S = {p(z) € Py | p(7) = 0} (i) 8 = {p(x) € P4 | p(0) = 0}
(iii) S = {p(z) € Py | p(z) = p(—=2)} (iv) S = {p(x) € Py | p'(z) # 0}

(b) Let M be the vector space 2 x 2-matrices. Among the following functions T: My — R,
only one does not define a linear transformation, which one is it? You must justify your
answer. You do not need to explain why the others are linear.

(i)'T([': f;]):?;H—Bh—c—l—sd (n)’r([‘i z]):(r;.+h)2+l—(n.+f)+'l)2

(iii) T ({‘: SD —a+d (iv) T ({f ZD = ad — be.

(¢) Among the following systems, only one is not autonomous, which one is it? You must
justify your answer. You do not need to explain why the others are autonomous.

) {x’(r = x(t) — 2e'y(t) (i) {i:((t) - y(i)

y'(t) = 2*(t) + y(t) t) = —x(t) +x(t)y(?)

@) = (ost(0) + D) ~ 20(0) +sinl @) [0 = u(t)
" {y (1) = ~20(0) + 40 (“'){ (1) = sin(a(t)) ~ (1)

=

Solutions

(a) The zero vector of Py is the zero polynomial z(z) = 0. z'(x) = 0 so z(x) does
not belong to the subset (iv). Since it does not contain the zero vector it cannot be a
subspace.

(b) Note that the definition of 7" in (iv) is equivalent to the determinant of the matrix.
We know that det(A + B) # det(A) + det(B) (take the A, B = I if you would like).
Therefore the subset is not closed under addition and is not a subspace.

(c) l (i) ‘ This system has an explicit dependence on the ¢ variable in the first equation z(t) —
2ely(t) so it is not autonomous. Note that (iii) appears to have a dependence on t in the
first equation but

(cos*(t) + D)ax(t) — 2y(t) + sin’(t)z(t) = x(t) cos®(t) + x(t) — 2y(t) + sin®(t)x(t)

= 2(t)(cos*(t) + sin®(t)) + x(t) — 2y(t) = 2x(t) — 2y(t)

so it does not in fact have an explicit ¢ dependence.




1. Let P, be the vector space of polynomials of degree at most 4. Two of the following subsets
of P, are vector subspaces of P; and one is not. For the two that are subspaces, calculate the
dimension and find a basis of each. For the one that is not a subspace, explain briefly why not.
Finally, don't forget to do part (d).

(2) S = {pe P,y|pis an even function, i.e., p(—x) = p(x)}
(b) T = {p e Ps|p(0) +p'(1) = 2}

(c) U = {p € P, | the coefficients of p are “palindromic”}. Here, “palindromic” means that the
coefficients read the same forward and backward, so that if p = ay + a1z + agx? + azz® + ayz?
then [ag, a1, az, as, as| = [a4, as, az, ay, agp).

(d) Find the dimension of and a basis for the intersection of the two subsets that are subspaces.

Write p € Py as p = po + p1r + por® + psx® + p'z*. Then

(a) pis even if and only if p; = p3 = 050 p = py + p2x® + pya’, so dimS = 3 and basis is
{1. .'i."‘z. ;1'4}

(b) Not a subspace because the zero polynomial is not in 7.

(c) p is palindromic if and only if py = py and p; = p3, so p = po(1 + %) + p1(z + ) + paz?, so
diml = 3 and a basis is {1 + 2%, 2 + 2°, 2%}

(d) Both conditions in the definitions of S and &/ must hold, so p; = p3 = 0 and py = py, so
p=po(l+2*) + pyx? so dimS NnU = 2 and a basis is {1 + 2*, 2?}.

1. Let My, be the vector space of 2-by-3 matrices. Two of the following subsets of M, are
vector subspaces of Ms.5 and one is not. For the two that are subspaces, calculate the dimension
and find a basis of each. For the one that is not a subspace, explain briefly why not. Finally, don't
forget to do part (d).

(a) S = {A e My, |the rows of A sum to zero}

a b ¢

d e f
the solution set of a homogeneous system of linear equations, and is thus a vector space. It has
dimension 4 and a basis is

I -1 0 10 -1 0 00 00 0
o ooy’f0o0 O] -1 0|1 0 —1

Suppose A = [ ] Then the condition says a + b+ c=0andd+e+ f =0,s0 S is

(b) T = {A € May,3|the columns of A sum to zero}

This condition says that a + d = 0, b+ e = 0 and ¢ + f = 0. Again, as the solution set to a
homogeneous system of linear equations, 7 is a vector space. Its dimension is 3 and a basis is

1 00 0 10 00 1
-1 00|10 -1 07700 -1

(c) U = {Ae Maua|an =1}

This is not a vector space, since the zero matrix is not in I{.

(d) Find the dimension of and a basis for the intersection of the two subsets that are subspaces.

(|

so the dimension of S ~ T is 2.

A basis for §n T is




4.1: Linear Independence, bases, dimension

2. For each following questions, answer True or False. You need to justify your answer.

(a) A linear system with fewer unknowns than equations must have either infinitely many
solutions or no solutions.

(b) If a vector u is a linear combination of vectors v and w, and v is a linear combination of
vectors p, ¢ and r, then u must be a linear combination of p, ¢, r and w.

(¢) For any choice of vectors vy, v, and v in R?, the subset
{vi + 205, v) — vy + 6v3, dvg + v3, Vs + V3}

of R? can never be linearly independent.
(d) There exists an invertible 10 x 10 matrix that has 92 entries that are precisely equal to 1.

(e) There exists a 3 x 3 matrix P such that the linear transformation 7: M3(R) — M3(R)
defined by T(A) = AP — PA has rank 9.

Solutions

r=2
(a) The following system has a unique solution ¢ y = 3
r+y=>5
(b) [True| If u = Ajv + Aw where A, Ay € R, and v = p1p + prog + pgr with pq, g, i3 € R,
then we get
w = AP+ Aifraq + Apsr + Aaw

(¢) Any 4 vectors in the subspace Span(v;, v2,v3) C R? must be linearly dependent.

(d) |False| There must be at least 2 rows with only 1 entries, and thus by row reduction, we
obtain a line of only zero entries, hence the matrix has determinant zero and thus cannot
be invertible.

(e) We have T'(1

3) = P— P =0, thus I3 € ker(T'), hence nullity(7) > 1. By rank-
nullity, we get rank(7") < 8.




1 0
0 0
0 1
-1 1710
0 2
1 0

2. Let V be the subspace of R spanned by the vectors

(a) Show that the set of vectors is linearly independent and hence the set is a basis for V. What
is dim V7

Call the vectors vy and v3. In the linear combination ¢jv; + cav;, the first component is ¢, and
the third component is ¢g, so if v; + vo = 0, we must have ¢; = 0 and ¢» = 0, so the vectors are
linearly independent. Thus dimV = 2.

(b) Is there a 6-by-3 matrix I whose image is V? If there is, give an example. If not, explain
why not.

1 00
0 0
10

1 00

1

The columns of L should span V and only V), so: works.

0
020
1 00

(c) Is there a 3-by-6 matrix M whose kernel is V7 If there is, give an example. If not, explain
why not.

Since, dim V = 2, we would need rk(M) = 4 to satisfy the rank/nullity theorem, but rk(M) < 3
since it has only 3 columns.

9
5
4. Show that the vector x = 3 | € R% is in the subspace spanned by
=
7
2 3 0
1 2 1
v, = 1 Vo = 2 Vg = 2
4 1 0
1 2 0
by expressing x as a linear combination of v;, v, and vs.
Solving for c1, €2, 3:
230 9 120 7 1 0 0]-3
1 21 5 0 0 1| -2 01 0] 5
122 3(—-]10 02 —4]=]1001|-=-2
410 -7 0 -7 0]—-35 00 0] 0
120 7 0 -1 0| -5 000 0
so X = —3vy + vy — 2vy.




1 0 0
1 0 0
2. Let V be the subspace of R® spanned by the vectors 0 1 0
0 0 1
2 1 3

(a) Show that the set of vectors is linearly independent and hence the set is a basis for V. What
is dim V7

(b) Find a 5-by-3 matrix L whose image is V.

(c) Find a 3-by-5 matrix M whose kernel is V.

1100 2
(a) The matrix | 0 0 1 0 1 [ whose rows are the three vectors is in reduced row echelon
00013
form, so its rank is 3 and the vectors are linearly independent. Another way to say this is to observe
1 0 0 c
1 0 0 c1
that if the linear combination ¢, | 0 | +e | 1 | +e3| 0 | = Ca is the zero
0 0 1 C3
2 1 3 2c1 + 2 + 3ea
vector, then ¢; = ¢; = ¢3 = 0 by looking at the first, third and fourth components.
(b) We need the column space of L to be V, so take L to be the transpose of the matrix from the
answer to part (a).

(¢) The rows of M must be (the transposes of ) vectors in the kernel of the matrix from the answer

-2 —1
0 1 -2 0 -1 =3 1
to part (a), whichis < s | =1 | +1¢ 0 soforinstance | =1 1 0 0 0
-3 0 00 0 00

1 0

3. Give a basis for the subspace of the vector space R?*? of 2-by-2 matrices spanned by the set

ool loa] Lol 1]}

in the vector space R?*2 of 2-by-2 matrices. What is the dimension of this subspace?

Call the matrices A, B, C and D. Then it's clear that D = B + C and that A, B and C are

1100
independent (could demonstrate this by row-reducing | 0 1 0 1 |). So {A4,B.C} is a basis
1 010

of the subspace and its dimension is 3.




1243 1
4 letM =011 0 -1
2046 6

(2) Find a basis for and the dimension of the rowspace of M.

1 243 1
Subtract 2 times row 1 from row 3 and add 4 timesrow 2torow3toget [ 0 1 1 0 —1 | sodi-
0000 0
mension of row space is 2 and a basis for the rowspaceis {[ 1 2 4 3 1],[J0 1 1 0 -1 ]}
(b) Find a basis for and the dimension of the nullspace (kernel) of M.
1 023 3
Subtract two times the second row from the first row of the last matrixtoget | 0 1 1 0 -1
0000 O
so the dimension of the kernel of M is 3 and a basis for it is
-2 -3 -3
-1 0 '
1. 0,
0 1 0

0 0 1

(c) Find a basis for and the dimension of the column space (range) of M.

We know the dimension of the column space is the same as the dimension of the row space, namely
2, and the first two columns of of M are linearly independent, so we can take the basis of the

column space to be
1

1
2 0

Also, the leading 1's in the rref of M are in columns 1 and 2.




4.2: Change of Basis, Rank/Nullity Theorem

1. Let B = {l,z,2?} be the standard basis for the vector space P, of polynomials of degree at
most 2 with real coefficients, and let C' = {x(x + 1) ,z(x — 1), (x — 1)(x — 2)} be another basis
for P,. Find the matrix Pg. g, i.e., the change of basis matrix which satisfies

[z]lc = Poslz]s

for any z € Py. As usual, by [z]¢ we mean the element = expressed in C' coordinates.

1 0 0 0 0 2
To begin, we note that | 0 = 1 , 1 =1 -1 ,and | 0 = | =3
0 1. 1], 0|, 1], I s L,
This means that
0 0 2
Pgee=|1 -1 =3
1 1 1
and .1”("(_;; = 1-)5‘1_(-‘:
0 0 2(1 00 1 1 1|0 01 1 1 1/00 1
1 -1 -3fo 10— 1 -1 -3/010f-—|0 -2 —-4/01 -1
1 1 1/0 01 0 0 21 00 0 0 1 i 0 0
1 11/0 01 11 0/—5 01 100 53 3 3
> 01 2[00 —5 3 > 01 0| -1 =5 3 > 01 0|-1 =5 3
0013 00 001 3 00 001 5 00
1 11
2 2 3
Thus IJ("(_H = -1 —% %
00
(So for instance
1 1 1, 1 . 1, 3
1= E:c(:{-‘ +1) —z(x—1)+ E(J —1)(x—2) = 5.';:2 - 5%~ 24+ E:::Z — 5T +1
1 1 1 1 1 1
T = E;r(:r +1)——x(z—1)= 5;133 + 53 - §.r.‘2 + 51
. 1 1 l . l . l
2 _ Zo cfr 1) = 22 o 22 T
7" = 5a (r+1)+ 2.1(.1 1) 57T +T+ 31 54




3. Recall that Py is the vector space of polynomials of degree < 3. Let W be the subspace of
‘P; consisting of polynomials that satisfy p(1) = 0 and p(—1) = 0. One basis of this subspace is
By = {1 — 2%,z — x*}. Another basis is B, = {l —x — 2? + 2°,2 + z — 22% — 27}

(a) What polynomial is denoted { 23 ] ?
3 1B,

‘ The polynomial is 2(1 — 2?) + 3(x — 2*) = 1 + 3z — 227 — 32°. ‘

(b) What polynomial is denoted [ 2% ] ?
s Bz

‘ The polynomial is 2(1 —x — 2?2 + 2%) + 3(2 + 2 — 222 — %) =8 + = — 82 — 2%, ‘

(c) Express the polynomials in the basis I3, in terms of the basis B

It's easy to see that 1 — z — 22 + 2% = 1(1 —2?%) — (z — 2*) = [ i ] and that
-1 |p,

24 x—2x2 -2 =21 —a2%) + 1(z — 2?) = [ 2 ]
Llg
1

(d) What is the change of basis matrix Pgs,. 5,7

From part (c), Pg,. 5, = [ L2 ] Therefore Pg,.p, = Pg. g, = % [ . ]

-1 1 1 1




5.1: Consequences of the Rank/Nullity Theorem
5.2: Linear Transformations

5. Let My, be the vector space of 2 x 2-matrices. Let T: Moy, — Mo be the linear trans-
formation defined as follows:
tr(4) 0 }

T(’"):[ 0 tr(A)

where tr(A) is the trace of a matrix A.

| 10
(a) Compute T' ({0 1j| )

(b) Find the matrix of T with respect to the standard basis of Ms.s.

(c) Find a basis for the kernel of 7' (be sure to express the basis in terms of elements in Moy
and not as column vectors).

(d) What are the eigenvalues of 77

(e) Is T diagonalizable? If yes, find a basis in Mo, that diagonalizes T' (be sure to express
the basis in terms of elements in My, and not as column vectors). If not, can you find
a Jordan canonical form?

Solutions

— (11 0 I+1 0 20
(a) 1 (L] 1D - { 0 1+1] - {U 2]
(b) We evaluate 7" on the standard basis
el ) =B () =Bl (B e =B o (B )=k

and we obtain:

7] =

00

. ; . 1
(¢) We can either row reduce [T, or alternatively, from (b), we already know that {U ]

) . - . .
and [(1 ()]] are in ker(7) and it’s easy to guess that [ is also in the ker(7"). As the

0
0 1
image of T' is non-trivial, we know the nullity of T" is at most 3, and thus actually equals

) v . . ] .10 1| {0 0] [-1 O
3, and we obtain that the basis of ker(7T') is { [U U} , [1 []} . { 0 1} }

. . ; . . 1 .
(d) From question (a), we know A = 2 is an eigenvalue with eigenvector { . From question

01
(c), we know A = 0 is an eigenvalue with multiplicity of at least 3 (with eigenvectors the
basis of ker(7)). Since [T] € My.4, there can not be more eigenvalues.

(e) Yes T is diagonalizable as the algebraic multiplicity of each eigenvalue equals the geometric
multiplicity (the dimension of ker([T] — Aly)). The diagonalizing basis are the vectors (a)

and (c¢) which are:
1 0f (0 1| (0 0 [-1 0
0 1/'|0 07|11 0]"|0 1




2. (a) Let A be the matrix that maps the point (x,y) € R? to the point L(x,y) € R? via the map
L(z,y)=A ; ] If L maps the upright gray P to the red and blue one in the following figure,

what is the matrix A7

From the picture, L ! = -1 and L (_J = _1(_] . Therefore
0 -1 5 5

(b) Calculate det(A) and interpret it geometrically in terms of the figure above.

‘ det(a) = —3, therefore A (and hence L) multiplies areas by 3 and flips the orientation.

3. Let T": Py — Py be the mapping defined by T'(p) = p' + p” + p(1).

(a) Find the matrix of T" with respect to the standard bases of P; and Ps.

Let p(x) = ap + ayx + asx? + azx® € Ps3. Then

T(p) = (ay + 2asx + 3asz?) + (2as + Gazz) + (ag + ay + as + az)
= (ap + 2a, + 3ay + a3) + (2a3 + 6az)x + 3azz?

so the matrix of 1" with respect to the standard basis is

1 2
."1 'Ir’]' - 0 U
00

o L
[ e

0

(b) Find the matrix of T with respect to the basis {1,2% 2% 2 — z} of P3 and the basis
{1,3 4+ 22,1 + 62 + 32°} of Ps.

Since T(1) = 1, T(z*) = 3 + 2z, T(2*) = 1 + 6z + 3z and T(2 — x) = 0, the matrix is
10 0 0

0100

0010




6.1: Linear Transformations: T: V—-WandT:V - V

1. Let L be a linear transformation from KE* to R such that

G D]
o[ 4] i) =]
~[E D]

[E T

1] [1] [o] 1 3 } _}
Since | 0 | =0 |- 0], L 0 - — —
0 1 1 0 ! ! !
S N S 1 1 0
NRGRRRRN ENANGEREE
Since | 1 | = 1 |+[0]|=|0],L 1 = + — =
1 : 1 1 . [.] 1 1 0
- 0 1 1 0
1 0 0
(b) Find the matrix M, of L with respect to the (standard) bases 01,1 11,10
0 0 1

1 0 1] 0
) 0 1 1] ]
3 4
of R* and ol 1ol 11110 of ™.
0 i} 0

1

The columns of M}, are the images of the (standard) basis vectors and we have two of them. We still

01 o1 [o1 o1y [P [
need to observe thatsince [ 1 | =] 1 |—=| O |, L 1 =lol 11151 -1
1] | 1 0 0 1 :

Therefore
-1 01
1 01
My 0 -1 1
0 -1 1

(c) What is the rank of L (which is the same as the rank of M.)? How do you know?

The image of L contains of all vectors in R* for which &, = x4 and a5 = x4, which is 2-dimensional.
(So the rank of L is 2.

(d) What is the dimension of the kernel (nullspace) of L7 How do you know?

By the rank-nullity theorem the dimension of the kernel is 3 — 2 = 1. In fact, it is spanned by the

1
vector [ 1 ] since all the rows of My sum to zero.
1




1. Let L be a linear transformation from R* to R? such that

1 _ | 0 _ 0 -
1 1 1 1 1 0 0 0
L1y [1] T o IOJ Lo lIJ Lo lu
1 0 1 1
0 0 1
0 1 0
(a) Calculate L LR g | [adr 0
1 0 0
o] 1] 1] [0
. 0 1 1 0 1 1 [0
Since | Lo PR 17 o] _1]
1| [ 1] o |1
[ 0] [0 ] 0] [0
. 1 1 0 1 0 0 0
Since Lo (=10 | fo | |o||7 1] [o]~ 1J
o] 1] 1] | 0]
1] 1] [o] 1] -
_ 0 1 1 0 I 0 1
Since | ot = o | oK lo ] o] 2] —1}
Lo | Lo o] | 0
1 0 0 0
ind the matrix [y of L with respect to the (standar ases
b) Find th ix My of L with h dard) b 0 {'J '1’ :]'
0 0 0 1

wwm{[3] 2]

The columns of M, are the images of the (standard) basis vectors and we have three of them. We

0 0 0 0
. . 0 0 0 0 0 0 0
still need to observe that since 1= o | L ] = [ 1 ] [ 0 ] = [ 1 ]
0 1 0

Therefore

1000
'”“{—1 11 n]

(c) What is the rank of L (which is the same as the rank of A )? How do you know?

The image of L contains a basis of R? (the middle two given facts are the standard basis of IR?)
so the rank of I is 2.

(d) What is the dimension of the kernel (nullspace) of L7 How do you know?

By the rank-nullity theorem the dimension of the kernel is 4 — 2 = 2,




1. Let T be the linear transformation from R* to R? that satisfies:

1 | 0 | 1
T =]t r{lol]]=]"2 T 1=
0 1 | 0 I
1 0 1
(a) Find the matrix of 7" with respect to the standard bases of R* and R*.
N
The matrix M of 1" should satisfy M P =), where P=]1 1 0 1 | and Q) = 01 1
01 0 |1 01
We need P~
2 1 1[1 00 _ 101010
10 1/0 1 ¢ | Z=ERE2BE2ELL 01 0o 01
010001 21 1(1 0 0 |
S Tt1ro 1[0 1 0 [1roo0] 1 -1 -1
riR32RI-R2 |00 o0l R;._'HI-:‘.'“ 010 0 0
00 —1{1 -2 -1 Lo o011 21
Then
1 01 010
1 -1 -1 .
_ 1 2 1 -2 3 4
M =0p ! = —
M = QI 011 _? g } -1 2 2
1 01 010

(b) Calculate the rank and nullity of 7" and show that the rank/nullity theorem is satisfied.

Rank and nullity of T are the same as those of M:

010 -1 2 2 1 -2 =2
-2 3 4 R1-+R2R3 0 0 R3—R3-2R1-R2 0 1 0
-1 2 2 R1—R1—R2 -2 3 4 R1——R1 0 0 0

010 000 0 0 0

Rank is 2, Nullity is 1, 2+ 1 = 3.




4. Let L: Py — P4 be the linear transformation that takes the polynomial p € P; to the polynomial

"

Lip)=p+p' —2p
(2) Find the matrix of L with respect to the standard basis of P;.
Calculate:
L(1) =1 Lix)=14=x L(x?) = =4 4+ 2z 4 2?2 L(z%) = =12z + 32* + 2°
Therefore, if p = ay + a1x + asz? + azz® then

L(p) = (ao + a1 — 4a2) + (a1 + 2a2 — 12a3)x + (a2 + 3a3)2* + azz®

Therefore
11 —4 0
0 1 —12
Mu=14o 0 1 3
00 0 1

(b) Find the Jordan canonical form of this matrix (you only need to find .J, not the change of
basis matrix P).

Since M is upper triangular, its eigenvalues are its diagonal entries, namely four 1's. It's easy to
see that the rank of M — | is 3, so there is only one Jordan block corresponding to A = 1:

1100
0110
T=1001 1
0001

6.2: Eigenvalues and Eigenvectors

111
2. leteM =] 2 2 2
3 3 3

(a) What are the rank and nullity of M?

Since the last two rows of M are multiples of the first row, the rank of M is 1. Therefore the
nullity is 3 —2 = 1.

(b) What are the eigenvalues of M?

A = 0 is an eigenvalue of M with multiplicity 2. The other eigenvalue of M is tr(M) = 6 with
multiplicity 1.

(c) Is M diagonalizable? Explain how you know.

M is diagonalizable because R? has a basis of eigenvectors of M — the two vectors that span the
1
nullspace of M plus the eigenvector for A = 6 (which happens to be | 2 |).

3




111111
111111
2222 22
2. LetM=| 5 5 5 5 5 o
333333
| 33333 3|

(a) What are the rank and nullity of M?

Since every row of M is a multiple of the first (nonzero) row, the rank of M is 1. Therefore the
nullity is 6 — 1 = 5.

(b) What are the eigenvalues of M?

‘ A =0 is an eigenvalue of M with multiplicity 5. The other eigenvalue of M is tr(M) = 12.

(c) Is M diagonalizable? Explain how you know.

M is diagonalizable because R® has a basis of eigenvectors of M — the five vectors that span the
nullspace of M plus an eigenvector for A = 12,

1 2

4. Let M = 3 9 ] Find an invertible matrix P and a diagonal matrix D such that M =

PDP~' (you don't have to find P~' unless you want to use it to check your work).

X(A)=(1=A)(2=X) =6 =A—=3XA—4 = (A—4)(A+ 1) so the eigenvalues are A = 4 and

A=—1
For A = 4:
a_ | =3 2
M —41 = [ 3 _o ]
. | 2
so an eigenvector for A = 4 is [ 3 ]

For A = —1:
2 2
_-’L-{wLI—[3 3]

so an eigenvector for A = —1 is | _i }

2 —1 40
P:[s 1} and D:[u —1]
Check:

112 -1 4 0 1 1 112 —1 4 4
b) 5—1 - [ =
Pl _5[3 1“0 —1”—32] .5[3 1”3 —2]

Therefore

1[5 10]
5[15 10]‘"u




7.1: Diagonalization and what can go wrong

1

1

4 0 0 0
0 -1 0 0
3. Let A= 0 0 -1 0

(a) Find the Jordan canonical form .J of A.

The eigenvalues of A are A = 4 and A = —1 (with multiplicity 3).
0o 0 0 0 5
) "o 0 =5 0 0 . . 0
For A\ = 4, we have A — 4l = 0 o0 -5 ¢ |sean eigenvector is 0
1 —1 1 =5 1
5 000
0 000 .
For A = —1, we have A + | = o 00 o0l which has rank 2, so there are only two
1 -1 10
0 0
linearly independent eigenvectors, } and g . This means that the Jordan form of A is
0 1
4 0 0 0
o1 1o
ST lo0o 0 -1 0
0 0 0 -1

(b) Find a matrix P such that A = PJP~! (or, equivalently, J = P~1AP).

We have the eigenvectors for A = 4 and A = —1, and we need a generalized eigenvector for A = —1.
25 0 0 0 0
. ) 2 0000 . . '
Since (A + )¢ = 000 o | wecan take our generalized eigenvector to be v; = 0
5 0 0 0 0
0 5 0 00
o N 0 , |0 0 11
Then va = (A + vy = 0 and so P = 0 00 1
—1 1 -1 0 0

2. Let A be a 4 x 4 matrix of integers. Assume that A has two eigenvalues; one \; with algebraic
multiplicity 1 and another )\, with algebraic multiplicity 3 (so the characteristic polynomial of A
factors as (A — A1)(A — A2)*). Say we know that the dimension dim(ker(A — A\;7)) = 1 and
dim(ker(A — \21)) = 1.

(a) Find the Jordan canonical form J for A in terms of A; and As.

Because dim(ker(A — A1) = 1, there is only one Jordan block with eigenvalue ;. Therefore

A0 0 0
7 0 A 1 0
' 0 0 A 1

0 0 0 A

b) With A as above, assume further that the determinant and trace of A are det(A) = 8,
) =T.

(
tr(A Find A\, and As.

‘ We need A\, + 3\, = 7 and A\ A3 = 8. It would seem that \; = 1 and A\, = 2.




3 0
3. Let A= 0 1
-1 1

0
0
1
(a) Find the Jordan canonical form J of A.

Since A is lower triangular, the characteristic polynomial is (3 — A)(1 — A)? so the eigenvalues are

200
A=3and A =1. And since A — I = 0 0 0 | hasrank 2 (and nullity 1), the Jordan form
-1 10
of Ais
300
J=10 11

(b) Find a matrix P such that A = PJP~! (or, equivalently, J = P~'AP).

0 0 0 2
Since A — 3l = 0 —2 0 |, the eigenvector for A = 3 is 0
-1 1 -2 -1
From A — | computed in part (a) we see that the only linearly independent eigenvector for A = 2
0 4 00
is| 0 [. Then, (A—1)? = 0 0 0 [, which of course has rank 1, and its kernel is the span
1 -2 00
0 0 0
of 1 .1 0 . So we can take 1 | as the first generalized eigenvector in the chain
0 1 0
0 0 200
and then (A—1)| 1 [ =] 0 [|. So the matrix P = 001
0 1 -1 10

(c) Find the general solution of the homogeneous system y’' = .Jy, where .J is the Jordan form
of A that you found in part (a) (this is equivalent to calculating e'’).

e 0 0
et = 0 e te

0 0 €




020
1. Let A= 010
-1 2 1

Find a diagonal matrix D and an invertible matrix P such that A = PDP!

The characteristic polynomial of A is
A2 0
x(A)=det| 0 1-X 0 = —A\(1-))?
-1 21—
so the eigenvalues of A are A = () (with multiplicity 1) and A = 1 (with multiplicity 2).
For A =0,
020 1 0 -1
A=-01= 01 0|=]01 0
-1 2 1 00 o0
T
so an eigenvector correspondingto A=0isv; = | 0
1
For A =1, o
-1 20 1 -2 0
A-1l= 000 >0 00
-1 20 0 00
[ 2 0
so two linearly independent eigenvectors correspondingto A = lareva = | 1 | andvs=| 0
0 1
Therefore, we can take )
000 12 0]
D=101020 and P=101020
00 1 10 1 |
2. Let A be a 2-by-2 matrix that satisfies the equation A* = A.
(a) Using a string of three or four equations that starts “J? =" and ends “= .J", explain why

the Jordan canonical form of A satisfies J? = J.
(b) What is (are) the only possible eigenvalue(s) of A7

(c) What are the possible Jordan canonical forms of A7 (A diagonal matrix is a Jordan matrix
with 1-by-1 blocks).

(d) If the rank of A is 2, what is (are) the only possible value(s) of A?

(a) J* = (P 'AP)(P 'AP) = P 'A(PP YYAP = P 'A?P = P 'AP = J.
(b) Suppose Av = \v with v # 0. Then A*v = Mv = Av = \v, so we must have \* = )\, and
the only solutions of this equation are A = 0 and A = 1.

(c) If J = [ g {1) ] or.J = [ {1] } ] then J? # .J. Therefore A must be diagonalizable and the

only possible diagonal matrices with D? = D are

ool Lol [ov] [ov]

(d) The only rank 2 diagonal form is the identity matrix I, in which case A = PIP~! = PP~! =1,
so A must be the identity matrix.




2 0
3. LletA=]10 10
1 -1 1
(a) Find the Jordan canonical form J of A.

The eigenvalues of A are A = 2 and A\ = 1 (with multiplicity 2).
0 0 0 1

For A=2 wehave A -2I=1] 0 -1 0 |, so an eigenvector is | 0
| -1 -1 ]
1 00
For A = 1, we have 4 — | = 0 0 0 |, which has rank 2, so there is only one linearly
1 -1 0
0 200
independent eigenvector, | 0 |. This means that the Jordan formof Ais J = | 0 1
1 001

(b) Find a matrix I’ such that A = PJP~' (or, equivalently, J = P~1ADP).

We have the eigenvectors for A = 2 and A = 1, and we need a generalized eigenvector for A = 1.

100 0
Since (A—1)2=| 0 0 0 |, we can take our generalized eigenvector to be vy = [ 1 |. Then
1 00 0
0 1 00
vo = (A=, = 0 landsoP=| 0 01
-1 1 -10

(c) Find the general solution of the homogeneous system y’ = Jy, where J is the Jordan form
of A that you found in part (a) (this is equivalent to calculating ¢'/).

1 0 0
The solution of y = Jyisy =cie® | 0 | +cae' | 1 | +c3e' | t |. Or, you could say that
0 0 1

(d) Using your answer to parts (a), (b) and (c), write the general solution of the homogeneous
system x' = Ax.

1 0 0
The solution of X' = Axis x = Py = c;e2 | 0 | + ege! 0 | + czet 1
| -1 —t




3. A 5-by-5 matrix A has the following properties:
e The characteristic polynomial of A is (A — 6)*(\ + 2)?
e The nullity of A — 6l is 2
e The nullity of A+ 2lis 2

What is the Jordan canonical form of A7

Let J be the Jordan canonical form of A. There are three 6's on the diagonal of .J and two —2's.

Since the nullity of A — 6l is 2, there are two Jordan blocks with 6's on their diagonals. Therefore
the A = 3 part of .J consists of a two 2-by-2 Jordan block and a 1-by-1 block.

Since the nullity of A 4 21 is 2, there are two linearly independent eigenvectors corresponding to
A = —2, and so the A = —2 part of J is diagonal:

10 0 0

6

060 0 0
J=1006 0 0

000 -2 0

00 0 =2

4. Recall that P; is the (four-dimensional) vector space of polynomials of degree at most 3.
(a) Let p(x) = ag + a1z + azx? + azz® be an element of P3. Let R: Py — P; be the mapping
; 1
that takes p(z) to z°p (1—) Show that R is linear mapping from P; to P;.
(b) Let L: P3 — P; be the linear transformation that takes the polynomial p(z) to the

polynomial 2R(p) — p, and let M be the matrix of L with respect to the standard basis of Ps.

Calculate the Jordan canonical form of M — that is, find a Jordan form matrix .J so that
M = PJP~! for some invertible matrix P. You don't have to find P or P71, just J.

) 1 ] 1 . -
(a) We have R(p)(x) = a* | ag + a1~ + aa— + az—; | = a3 + asx + a;2” + aga’, so R reverses
xr T T

the coefficients of p(x). This is clearly additive and respects scalar multiplication, in fact the matrix
0001

. Sy 1
of R (with respect to the standard basis) is 0 ? 0 8
1000
(b) We have L(1) = —1 + 223, L(x) = —x + 222, L(2*) = 22 — 2%, and L(2®) = 2 — 2%,
-1 0 0 2
_ 0 -1 2 0 . . S . -
so M = 0o 2 -1 ol Since M is symmetric, it is diagonalizable. The characteristic
2 0 0 -1

polynomial of M is (A — 1)*(\ + 3)?, so the eigenvalues of M are A\ = 1 and A = —3, both with
10 0 0
01 0 0
00 -3 0
00 0 —3

multiplicity 2. So the Jordan form of M is




7.2: Inner products and Orthonormal bases

4. Let P; be the vector space of polynomials of degree 3 or less, and consider the inner product
on P; defined by

1
p,q = J plx)q(x) do
-1
for p,q € Ps.

Let S be the subspace of PP; spanned by {1, 2:}. Express the polynomial z(z) = 202°+ 1222+ 18z
as the sum of two polynomials pi(z) + p2(x), where p; € S and ps is perpendicular to S.

1 2|1
First we calculate {1, z) = J rdr = %‘ =0, so that {1.z} is an orthogonal basis for S. The
-1 —1

polynomial p, should be the projection of z onto S:

) {1, 2) {r, 2
P| = projgz = L)1 ' T
b= PRl (<1_. ) "\@ )’

1
J 20zt + 122% + 1822 dz
i

1
j 2027 + 1222 + 18z dx
' 1+

1 |
J 1% dz J 2% dx
—1 -1

(52" + 4a® + 92%)|'| (425 + 321 + 62%)|' |
= I 1+ . xr
.'I'|_| §.I.‘"’|_l

x

And then
Py =2 —p1p = (202° + 122° 4+ 182) — (302 + 4) = 202° + 122* — 120 — 4
Of course z = p; + po, and we can check that
~1
{(pa, 1) = J 2023 + 1222 — 122 —4dr =0+8—-0-8=0
-1

and .
{p2, x) = J 202" +122% —122° —dadr =8 +0-8—-0=0
1

so that p, really is orthogonal to S.




4. Let S be the subspace of R* spanned by ,and let x = . Find vectors

—_ =
— =
SO

|
v and w such that v + w = x, with v € & and w perpendicular to S (with respect to the standard
inner product on R*).

I 0

1
It's not hard to see that an orthonormal basis for S is { e; = 8 , €3 = 7 } . Then
AT
0 1
3
. 1] 1
v =Dprojsx = (X, ee +{x,e)e; = 3l 1
1
And then
0
- 1 2
w =X v = 3 1
-1

7. The Texas state legislature decides there are too many medical procedures going on in their
state that they don't approve of. They decide to impose some new conditions on which procedures
can be done based on the following three variables:

e The time t in weeks that a person has needed the procedure.
e The net wealth w in hundreds of thousands of dollars of the person seeking the procedure.
e The contributions d in thousands of dollars the person has made to members of the legislature

in the past year.

The legislature passes a law saying that the vector v = (f,w,d) corresponding to the person
requesting the procedure must be at distance at most 10 from the subspace 1V of R* spanned by
the vectors wy = (0,1,1) and wy = (0.1,1,0). If v = (10,8, 10), will the procedure be allowed?

Ignoring all the verbiage, the problem is asking whether the (perpendicular) distance from the point
v to the subspace W spanned by w; and w> is greater than or less than 10. This distance is the
length of the vector v — projy, v. To calculate the projection, we first need an orthogonal basis for
W, so we'll replace wy with

1

B3 = wg — W0 (01,1.0) 5(0.1,1) = (0.1,0.5,-0.5)

(wy , wy)
Then

v, wp) v, Wy
IECITY, w, — i mj? T
(wy wy) (w3, Wwa)

U — Pprojy, v = v

— (10,8,10) — ?(o. 1,1) — (0,0,0) = (10, —1,1)

This vector clearly has length bigger than 10 (it's \f"102), so the procedure will not be allowed.




2. Let S be the subspace of R* spanned by and

(=R R ]
—_ e e

(a) Express the vector v = as a sum of two vectors v = x +y where x € S and y is

o e I

perpendicular to S.

(b) Find a basis for the orthogonal complement S* of S.

0
(a) We need to project v onto S, and for this we need an orthogonal basis of S. Let w; = }
0
1 1 0 ] [ 1
(Wi . wa) 2
and wy = 1 , and replace wy with wy — le = i —3 i = g Call
1 1 0 | | 1
this last vector wy. Then
0 | 1 [ 3 ]
X = oroi v — {v.wl}w N (v.Wg}w 811 +G 0O | 4
= projg _<W],wl> : (wy, wy) T2 210 |4
0 | 1 | 3 ]
and
2 3 —1
. N 4l | 3
Yy=V=POsY=1 | 74| T | =3
1 3 1
. . 0110 .
(b) S~ is the kernel of the matrix 1111 which has reduced row-echelon form
1 0
[ é ? ? {1] J so the basis is 8 _} (note that this is an orthogonal, but not
-1 0
orthonormal basis).




8.1: Inner products & Linear transformations, Self-Adjoint and Symmetric matrices

7. (a) Determine the 4 x4 matrix P which orthogonally projects a vector in R?* onto the subspace
—2
_ — 0
spanned by i = 6
-3

(b) Determine the rank of P and the dimension of the null space (i.e. kernel) of P.

(¢) Find P*® (l) .
1

Solutions

(a) We can view this as projection onto a one dimensional subspace. Recall that the projection
matrix onto @ is given by P = ﬁ-a?-‘ﬁ?’r. Therefore we get:

_9 4 0 -12 6
1o 1 1o 0o 0o o0

= — — -3 = —
P=ole|l7206 3l=51 12 0 36 —18
-3 6 0 —18 9

(b) P maps from the 4 dimensional space R* onto the one dimensional space span . There-
fore the kernel must be dimension 3 and by rank-nullity the rank is 4 — 3 = 1.

(c) Since P is a projection matrix, P? = P. As a result P® = P and

1 1 10
s o1 1o
P1ol =% o 49 |30
1 1 15
3. There is a 2-by-2 matrix S with the following properties:
e S is symmetric
2 8
s3]
o tr(S)=3
What is 57
We see that A = 4 is an eigenvalue of S. Because tr(S) = 3, the other eigenvalue is A = —1. And
because S is symmetric, the eigenvector w for A = —1 is orthogonal to the eigenvector v = [ ‘IZ ]

-1 . .
for A = 3. So we can let w = [ 9 ] Then, using the spectral decomposition we have

U s SRR S I B o IS (N B IR
IR (W, w) 5|21 50110 0 |20




2 -1 -
1. LetA=| -1 2 -1
-1 -1 2
The characteristic polynomial of A turns out to be x4 = —A(A — 3)%
(a) How do you know that A is diagonalizable just by looking at it?

(b) Find a diagonal matrix D and an orthogonal matrix P such that A = PDPT.

(a) Because A is symmetric, we know it is diagonalizable.

(b) From y .1, we see that the eigenvalues of A are 0 (with multiplicity 1) and 3 (with multiplicity

000
2). Therefore D= | 0 3 0
00 3
For A\ = 0, since all the rows of A sum to 0, we conclude that the kernel of A is spanned by
1
vV, = 1
1
1
For A = 3, the entries of A — 3l are all —1, so the kernel of A — 3l is spanned by vo = | —1 | and
0
1
vy = 0 |. Now vy and vy are both orthogonal to vy, but not to each other. So we replace vy
—1
1 1 1/2
Vo,V 1 !
by w3 = v3 — vz, V3) vy = 0 [—-=| -1 | =1 1/2 [. Or, just to simplify arithmetic,
V2 v2) -1 2] o -1
1 f—
we can use 2wy = 1 | instead of wy. Finally, since |vi| = v/3, |va2| = v/2 and |2w;| = /6,
-2
we get -~
1/V3 172 1/4/6
P=| 1/V3 -1/v/2 1/V6
1/v/3 0 -2/ V6

8.2: SVD and PCA

I 5

2 2 . . iy
1. Let A = L What are the singular values of A7 In the singular value decomposition

1 0

A = QXPT, what is the matrix X?

30 12
12 30
sums are both 42 and trace is 60. Therefore the singular values are o, = /42 and o5 = /18 = 3+/2,
and

First we need ATA = [ ] This 2-by-2 matrix has eigenvalues 42 and 18, since column




9.1: First Order Differential Equations & Wronskian

1. Does there exist non-zero constants Cy, Cy, C'5 such that
Ci2? = Cysinzx + Cs cos

on some interval I7 Justify your answer. [Hint What does the Wronskian tell you?]

This is asking if 22, sin z, cos z are linearly independent. Calculate the Wronskain.

2 sinz COS T
W(z% sinz,cosx) = |2 cosx —sinx| = x?(— cos® x—sin® 7)—2x(— sinx cos x+sin x cos 1) +2(—s
2 —sinzx —cosw

The Wronskian is non-zero so the functions are linearly independent and no such C; can exist.

8. Do there exist constants ¢, cs.c3 € R, where at least one of them is non-zero, such that:

sint cost cost
¢ |cost| +cp |sint| =c3 | 0O
cost cost 0

on some interval of (a,b) where a < b? Justify your answer.

Solutions Let

sint cost cost
x)(t) = [cost|, =xu(t)= |sint|, x3(t)=1] 0
cost cost 0

We compute their Wronskian:

sint cost cost
W(x1,Xo,X3)(t) = |cost sint 0 | =cost
cost cost 0

cost sint

= cos?t(cost — sint).
cost cost

As W(xy,x2,x3)(t) is not constantly zero (for instance at £ = (), the vector functions x;, X,
and x5 are linearly independent. Thus the constants ¢, cs, c3 must be all equal to zero.




9.2: Second Order Differential Equations and Applications

2. (a) Find the general solution of y" + 4y’ + 3y = 0.

‘ The auxiliary equation is r2+4r+3 = (r+3)(r+1) = 0, so the general solution is y = c;e 3 +cye "

(b) Find the general solution of 4" + 4y’ + 3y = Ge .

Since e~ is a solution of the homogeneous equation, we guess y,, = Ate™*. Then Y, = —Ate™t +

Ae™ and yy = Ate™" — 2Ae™" and so
Yy + 4y, + 3y, = 2Ae™

t

which is supposed to be 6e~, so A = 3 The general solution is

Yy = cre 3 + et + Btet

(¢) Solve the initial-value problem 3" + 4y’ + 3y = 6e~*, y(0) = 5, ¥'(0) = 0.

From the general solution in part (b), we have y(0) = ¢; + ¢; and ¥/(0) = —3¢; — ¢z + 3. So we
need to solve

c1+c=5
—3c; — = -3
and we get ¢; = —1 and ¢z = 6. The (unique) solution of the initial-value problem is

y=06e" +3te —e ¥

2. (a) Find the general solution of 3" — 2y’ + 10y = 0.

2+ A= 10
24+ /4 4[):]i

The auxiliary equation is % — 2r + 10 = 0, which has complex roots: \ = 5 3i
so the general solution is y = cief cos 3t + coel sin 3¢.

(b) Find the general solution of y” — 2y’ + 10y = 26e".
Since e~* is not a solution of the homogeneous equation, we guess y, = Ae~*. Then y; = —Ae7?
and yy = Ae™" and so

Yl — 2y, + 10y, = 13Ae™"
which is supposed to be 26¢7¢, so A = 2 The general solution is
y = 2" 4 e’ cos 3t + cpef sin 3t

(c) Solve the initial-value problem " — 2y’ + 10y = 26¢~*, y(0) = 7, ¥/(0) = 0.

From the general solution in part (b), we have y(0) = 2+ ¢; and ¢/(0) = —2 + ¢; + 3c2. So we

need to solve

(‘1+2:7
(i]+3(32—2=0

and we get ¢; = 5 and ¢; = —1. The (unique) solution of the initial-value problem is

y = 2e" + 5ef cos 3t — e’ sin 3t




6. (a) Find the general solution of the equation y” + 2y’ +y = 0.

| The roots of the auxiliary equation are —1 and —1 so the solution is y = c;e™ + cote™

b) Now find the general solution of y" + 2y’ + y = 18¢2
g Yy Yy Yy

Undetermined coefficients: Guess y, = Ae®, then y;) = 24¢% and y;’ = 4Ae?, therefore y; +
2y, + yp = 9A4e* so A = 2. Conclude

y=2e* 4+ et + cpte”!

—t
(c) Finally, find the general solution of ¢ + 2y’ +y = -

et te

—et (=t+1)e!

—t
= e~ %, so the particular solution is

Variation of parameters: we have W =

—tetet etet
—t —t —t —t
Y, = € —dt+t€ ——dt = —te "+ te " Int
I J te— J te—2t

Therefore the general solution is

y=—te  +tetInt + cie”t + cote”

Note, you could absorb the first term into the ¢, term.

6. (a) Find the general solution of the equation y" — 2y’ +y = 0.

‘ 7?2 —2r + 1 = (r — 1)? so the general solution is y = c,e* + cotel.

(b) Find the Wronskian of the two independent solutions of y” — 2y’ + y = 0 that you found
in part (a).

i i
2 te
With 3, = et and y, = tef, W = o2t
Ith i1 = €” and ¥ €, et e+ tet €
¢
e
(c) Find the general solution of the equation y" — 2y +y = L

Variation of parameters.

yf
y—alf ”7 dt + JLIV dt

—te! € et el
=e f dt + te' dt

e t+4 e t44
et | et |
=€ J‘H—4*1df+f€j (ln(t+4)+(:2)

=c'(dIn(t +4) —t + ¢1) + te' In(t + 4) + eate’

=de’In(t + 4) — te' + te' In(t + 4) + 1€’ + cyte’

(You could absorb the —te’ into the 3 term and simplify to y = (¢ + 4)e! In(t + 4) + cye* + cotet)




3. The function 3, (¢) = t is a solution of (1> — 2)y” — 2ty + 2y = 0. Find the general solution of
this equation.

7!
Two methods: The Wronskian W of two independent solutions of the equation satisfies T
2t

2 —2

Therefore In W = In(t2 — 2), so W = t2 — 2. Therefore

r t yo ’ 2
W = =ty —y=1t"—-2
RS

. . . 1 2 . . . Y2\’
so Y2 satisfies the first-order equation y} — T = L — n The integrating factor is 1/¢, so (%) =

2
1 — — and we have

12
Y 2
B _y4 2
t t
so
g =17 +2

Therefore the general solution is:
y=ct+ et +2)

The other way: Let yo» = tv. Then g4 = tv' + v and 5§ = tv” + 2v' and the differential equation
becomes:
(12 = 2)(t" + 20") = 2t(tv' +v) + 2tv = 0

or

. 4 At 1 1
tt? — 20" + —4' =0 In(v') = It = dt = ot
( Ju v — In(v') Jr(ztz)‘ fﬂ(ﬁ—z) Jt2f‘2 2

2 2 .
SOi":]—f—__Jand 1':f+?,andyg:h':t2+Qasab0ve.

3. The function y;(t) = €' is a solution of ty” — 2y’ + (2 — )y = 0. Find the general solution of
this equation.

7t
Two methods: The Wronskian W of two independent solutions of the equation satisfies W

2 . .
—3 Therefore InW = Int?, so W = t%. Therefore

ey
i

V=le y

=y -y =t

t

so ¥, satisfies the first-order equation 4/ — y = t*e™". The integrating factor is e, so (ygc_t)f =

t%e7* and we have (after integrating by parts)

—t Lo —2t

Yo = 71(21‘ +2t+1)e "+ C
so (with C' = 0)
1, .
Yo = —1(21‘2 +2t+ e

Therefore the general solution is:

y = cre' + ex(202 + 2t + 1)e™!

(where we've absorbed the —1 into c,).
The other way: Let y, = e*v. Then y} = e'v’ + ¢'v and ¥ = e'v” + 2¢'v’ + e'v and the differential
equation becomes:
e (t(u” + 20" +v) =20 +v)+ (2 - t)z:) =0
or
'+ (2t -2 =0 = In(v') = j% —2dt = Int* — 2t

So v = t®¢* and (after that same integration by parts) v = —1(2¢* + 2¢ + 1)e~. Therefore
Yo = e'v = —3(2t* + 2t + 1)e~" as above.




4. Find the general solution to the ordinary differential equation:
() = 2f"(t) + f/(t) = 4t + 2.
Solution  First find the homogeneous solution. The characteristic equation is
A =20+ X =0.
We factor and obtain the roots.
M =224+ 1) =AA-1)>=0 = A =0, 1 (mult 2)
This generates the following general solution of for the homogeneous equation
(TIF’.m -+ C.“gf’” + C;;gtf*” = (‘l + (‘zﬁf + CT;J,T‘,E’.[
We guess a solution to the non-homogeneous equation. The second term as an exponential
dictates a guess of the form Ae? | and the first term is a degree one polynomial which requires
a guess of the form Bt + C'. The constant term is in the homogeneous solution so instead we
must guess {(Bl + C) = Bi? + Ct. Due to the linearity we may just add the guesses for each
term. Therefore our particular solution will have the form
f,(t) = Ae* + Bt* + Ct,
From which we see that
f;)(r‘) = 24e* + 2Bt + C, f;’{f) — 4A4e* 4+ 2B, f;"(t) = 8A4e™.
Substituting into the ODE gives
8Ae* — 8Ae™ — 4B + 2Ae* + 2Bt + C = 4t + 2¢*.
Equating coefficients of like functions gives the system
2:’1 =2
2B =4
C—4B =0
which has the solution A = 1, B = 2, = 8. The any solution to the non-homogeneous ODE
can be written as a particular solution plus some homogeneous solution. Therefore the general
solution is
C + Cyet + Cstet + e + 21> + 8t
1. (a) Find the general solution of 3" — 3y” — 4y = 0.

The auxiliary polynomial is 4 — 3r? —4 = (r* —4)(r? + 1) = (r + 2)(r — 2)(r* + 1). So the
solution is
Yy = cle_235 + CQEQt + c3cost + ¢g8int

(b) Find the general solution of y” — 3y" — 4y = 20t

" nm

From part (a) we need to guess y, = At + B. Then y, = A and y; =y = 3, = 0. Therefore
vy — 3y, — 4y, = —4(At + B)
Soweneed A= —-5and B =0, so

y=—5t+cre? + e + c3cost + eysint




5. An undamped mass/spring system satisfies the differential equation 3" + 16y = 0.

(a) If the mass is released from rest, 0.2 meters from its equilibrium point, how long until it
returns to its starting point (for the first time after being released)?

The motion will satisfy y(t) = 0.2cos(4t). The mass will return to 0.2 meters when 4t = 27, or
/2 seconds later.

(b) If the mass is released from rest, 0.4 meters from its equilibrium point, now how long until
it returns to its starting point (for the first time)?

‘ Now the motion will satisfy y(t) = 0.4 cos(4t), so the answer is still 7/2 seconds later.

(c) Now suppose the mass is doubled and it is released from rest, 0.2 meters from its equilibrium
point. Now how long until it returns to its starting point?

This changes the differential equation to 2y” + 16y = 0, or " + 8y = 0. so the solution is
y = 0.2cos(+/81), so the mass returns to the starting point when /8¢ = 2, or 7/+/2 seconds
later.




1. (a) Use the Wronskian to show that the functions y;, = ¢ and y, = €' are linearly independent.

-
Ct = (t — 1)e! # 0, so the functions are linearly independent.
e

We have W = ‘ i

(b) Find a homogeneous linear second-order differential equation having the functions from part
(a), y; =t and y, = €', as solutions.

tet t
We want y” -}-py’ + qy = O' where p= —I-’IJ"/H.' = _(t L]_) : = _t ]_ SO far, the equation
— e b

reads
"

¥y -

v+ qy = 0.
Yty

To find ¢, we'll substitute y; = ¢ for y and get

t
11— — =0,
c( t1+q) 0

1 . . .
S0 q = 1 So the differential equation is

t
aft — _ " . ! =
YV gy =0 o -1y —ty +y=0
Check by substituting y = .
(c) Find a third-order differential equation with constant coefficients for which y; = t and

yo = €' are two linearly independent solutions. (What must the other one be?)

Since ¢ is a generalized eigenfunction of D with eigenvalue A = 0, the other solution must be
y = 1. Therefore the equation is

D*D—-1)y=0 or y"—y" =0

8. Suppose y(1) is the displacement of a door to the U.S. Capitol at time ¢. As a result of the
strength of the door and rioters pushing on it, y(t) satisfies the differential equation

y"(t) = —y(t) + f(1)
where f(t) results from the force applied by the rioters. A quick-thinking Capitol police officer
realizes three things:
e y(0) = 0and y/(0) = 1.
e The door will break when y(t) = 1.
o Reinforcements won't arrive till £ = 1. For 0 <t < 1 the rioters will maintain f(¢) = 1. It's

not clear what f(¢) will be for ¢ = 1.

Fortunately, the officer took Math 2400. From the above information, can she decide whether the
door will break before t = 1?7 If so, will it break or not before f = 17 Justify your answers.

Again, looking past the blather, the problem is asking whether or not the solution %(t) of the
initial-value problem " + y = 1, y(0) = 0, ¥'(0) = 1 will be bigger than 1 for any value of ¢
between 0 and 1. It's not hard to see (by undetermined coefficients) that the general solution of
yY'+y=1isy=1+c cost+cosint. For y(0) = 0 we need ¢; = —1 and for ¢/(0) = 1 we need
c2 = 1. So the solution is

y(t) =1 — cost + sint.

We'll have y(t) = 1 for t = w/4, which is less than 1. So it looks like the door will break.




4. Suppose that y(t) is the height above the ground at time ¢ of a miniature helicopter carried
underneath the carriage of a Martian rover. When the rover touches down at time ¢ = 0, one has
y(0) = .4 meters. The rover bounces when it lands. This leads to #'(0) = —1 meters per second
and the differential equation

y'(t) = =2(y(t) — 4) — 2/ (2).

The helicopter will be damaged if y(#) ever becomes negative for some ¢ > 0. Will this happen?
Justify your answer.

Hints: Minimize the function y(t). Remember that y/(¢) = 0 when y(t) is minimal. You can use

the fact that

cos(m/4) = sin(n/4) = LZ <0.4-e"

In standard form, the differential equation is 3" + 23" + 2y = 0.8. The auxiliary equation is

. . . —2++/4-8 ) .
r? 4 2r + 2 = 0, with solution r = ——~——> — —1 +i. So the complementary solution is

¢

Yo = c1€” " cost + coe " sint and (by undetermined coefficients) the particular solution is 1, = 0.4.
The general solution is thus

y =04+ creFcost + cae T sint
For y(0) = 0.4, we'll need ¢; = 0. Then
Y = cye " (cost —sint)
and ¢/(0) = —1 means ¢; = —1. Thus y(t) = 0.4 — e 'sint. From the expression for y' above,

we'll have i/ = 0 when cost = sint, so for instance when t = 7/4. And y(7/4) = 0.4—e~™4\/2/2.
By the hint, this quantity is bigger than zero, so the helicopter will not be damaged.

10.1: Springs

4. (a) The following two differential equations describe the free motion of a mass/spring system.
Are the systems overdamped, underdamped or critically damped? Explain briefly how you know.

(i) y"+4y + 10y =0

The roots of the auxiliary equation are %(—4 + /16 — 40) = —2 + i4/24 — negative real part and
nonzero imaginary part, so this system is underdamped.

(i) 4" + 10y + 4y = 0

The roots of the auxiliary equation are %(—I(Ji\/ 100 — 16) = =5+ % v/84 = both real and negative
(and different), so this system is overdamped.

(b) The following two differential equations describe the forced motion of a mass/spring system.
Do the systems exhibit modulation, transience, or resonance?

(i) v" + 4y’ + 10y = 16 cost

’ From (a)(i), the natural vibrations of the system die out, so this system experiences transience. ‘

(i) y" + 121y = 3sin 11¢

The natural vibrations have the same frequency as the forcing function, so this system exhibits
reasonance.




4. (a) The following two differential equations describe the free motion of a mass/spring system.
Are the systems overdamped, underdamped or critically damped? Explain briefly how you know.

() y" +4y + 20y =0

The roots of the auxiliary equation are %(74 + 4/16 — 80) = —2 + 8i — negative real part and

nonzero imaginary part, so this system is underdamped.

(i) v" + 20y" + 4y =0

[«

The roots of the auxiliary equation are (—20 + /400 — 16) = —10 + 14/384 = —10 + 46 -

2
both real and negative (and different), so this system is overdamped.

(b) The following two differential equations describe the forced motion of a mass/spring system.
Do the systems exhibit modulation, transience, or resonance?

(i) y" + 4y’ + 20y = Tcos 3t

{ From (a)(i), the natural vibrations of the system die out, so this system experiences transience. ‘

(i) " + 81y = 12s8in 9¢

The natural vibrations have the same frequency as the forcing function, so this system exhibits
resonance.




10.2: Cauchy-Euler Equations

2. (a) Find the general solution y(x) of

32%y" 4+ 10xy’ — 6y = 0

The auxiliary equation is 3p(p — 1) +10p—6 = 3p* + 7p—6 = (3p — 2)(p + 3) = 0 so the general
solution is
3

Yy = c1x?? + con

(b) What is the unique solution (for z > 0) of 32°y” + 10xy’ — 6y = 0 for which y(1) = 2 and
y' (1) = —67

If y(1) = 2 then ¢; + ¢; = 2. Since ¢ = 2z Y% — 3274, we also have 2¢; — 3¢, = —6.
Therefore ¢; = 0 and ¢o = 2 and the solution is

1. (a) Find the general solution of the differential equation z%y” + 5xy/ + 4y = 0.

Guess that y = 2P, then 4’ = pzP~! and y" = p(p — 1)z?~2. Substitute into the equation and get
a? (p(p —1)+5p+ 4) =0,s0p* +4p+4 = (p+2)* = 0. Since the root is repeated the solution
is

y=cz i+ cr?nx

(b) Find the unique solution of the equation in part (a) for which y(1) = 2 and ¥/(1) = 5.

y(1) =c1,soweneed c; = 2. 3 = —2c127% — 20002 Inx + o3

o = 9. The solution is

, 50 y'(1) = —2¢; + ¢, therefore

y=22"24+92 Inx

11.1: Systems of Differential Equations — basics

0

5. Let;‘l—[1

— D

|

(a) Find the general solution of the system x’ = Ax

The characteristic polynomial of Ais (=A)(1 —A) =2 =X - X —2= (A —2)(A +1).
ForA=2 A-21= [ _? _? ] so an eigenvector is [ } }
For A = —1, ,4+I=[1

SN ]

] so an eigenvector is [ _i ]

— D

The general solution of X' = Ax is x = ¢;e? [ i ] + coet [ B ]
(b) The origin is the only critical point of the system x' = Ax. What kind of critical point is
it?

‘ Since the eigenvalues of A are real and have opposite signs, the origin is a saddle point.




4. (a) Find the general solution of the system x' = Ax, where A = [

1
2

3
0

|

The characteristic polynomial of A is (1 — A)(
eigenvalues of A are 3 and —2.

For A = 3 we have A — 3l = { -2
3
2 2

Therefore, the general solution of the system is

For A = —2 we have 1+u|—[

“A)—6=X—-XA—6

3 . . 3
9 _3 ] so an eigenvector is [ 9 ]

: . . -1
) ], SO an eigenvector Is [ 1 ]

a3 T
X = (1€ [2]-}-(.3(. [ 1}

(A = 3)(A + 2) so the

(b) Find the unique solution of the system in part (a) for which x(0) = [

10
0

We need 3¢; — ¢y = 10 and 2¢; + ¢, = 0, so ¢5 = —2¢; and then 5¢;

Thus

10, s0 ¢, = 2 and ¢, = —4.

x(t) = 2¢* [ ; ] — 47 [

"

2 01
4. (a) Find the general solution of X' = Ax, where A= | 0 3 0
010
Expanding the determinant along the second row, the characteristic polynomial of A is
{2—/\)‘ 25)\ _1)\ = —A(2—=)A)(3 — \), so the eigenvalues of A are A\ =0, A =2 and A\ = 3.
[ 2 01 1]
ForA=0,A-0l=] 0 3 0 | and the eigenvector is 0
[ 010 ] -2 |
[0 0 1 1]
ForA=2 A-21=1 0 1 0 | and the eigenvector is | 0
01 -2 0
o .
For A\=3, A-3l = 0 (} [] and the eigenvector is | 3
01 -3 1|
1 1 1
The general solution is x = ¢ 0 | +ee| 0| +c3e®| 3
-2 0 1

(b) For the matrix A given above, find the unique solution of the initial-value problem x’ =

with x(0) =

1
3
3

Ax

To match these initial conditions we need ¢,

+ et

—1, 5 =1and ¢35 = 1. Thus

| 1
0| +e¥]| ¢
0 1




11.2: Constant coefficient systems

2. Consider the third-order differential equation
y" + 3y + 2y = 12¢

(a) Write an equivalent first-order system of three equations in three unknown functions in the
form x’ = Ax + f for a matrix of constants A and a vector of functions f.

(b) Solve either the third-order equation or the system and then write the general solution of
the equation.

(a) The equivalent system (with xy = y) is @} = 22, 2}, = 23 and 2}, = —2x5 — 323, so
0o 1 0 0
A={(10 0 1 and f= 0
0 -2 -3 12¢

(b) It's probably easier to solve the equation: the auxiliary polynomial is r* + 3r? 4+ 2r = r(r +
1)(r + 2) so the complementary solution is

-t —2i
Yo = C + 26~ + 3¢

For the particular solution, guess y = Ae!, and then " + 3" + 23" = 6Ae!, so A = 2 and the
general solution of the equation is

Y=1Ypt+ Y= 26" + ¢1 + et 4 cze 2
3. Consider the following first-order system of equations:
0 1 00
00 10
r_ 1 —
x' = Ax where A= 0 0 0 1
-36 0 —-13 0

(a) Write an equivalent fourth-order equation for a single unknown function.

(b) Solve either the system or the equation and then write the general solution of the first-order
system.

(a) The equivalent equation is " = —36y — 13y", or " + 13y" + 36y = 0.

(b) The auxiliary equation is r* + 13r? + 36 = (r* + 4)(r? + 9) = 0. The general solution of the
fourth-order equation is thus

1y = cycos 2t + casin 2t 4+ c3cos 3t 4+ ¢4 8in 3t

and the solution of the system is thus

Y cos 2t sin 2t cos 3t sin 3t
X — vl . —2sin 2t e 2cos2t te —3sin 3t o 3cos 3t
Sy || —4cos2t 2| —4sin2t 31 —9cos3t 4 —9sin 3t

y" 8 sin 2t —8 cos 2t 27 sin 3t —27 cos 3t




1. (a) Show that the functions y; = te * and y, = cost are linearly independent.

Calculate the Wronskian: W = e~ cost | _ (2t — 1)e=* cost — te 2 sint # 0
' (1 —2t)e 2 —sint | - -
(observe that W(0) = —1) so y; and y» are linearly independent.

(b) Write a fourth-order homogeneous differential equation with constant coefficients that has
y1 = te”? and y» = cost as solutions.

Two other linearly independent solutions of the equation must be e~ and sint, so the auxiliary
polynomial is (r + 2)?(r* + 1) = v* + 4r® + 5r® + 4r + 4. The equation is thus

i

Yy + 4y

e

+5y" + Ay’ + Ay = 0.

(c) Write a system of the form x’ = Ax with a constant 4-by-4 matrix A that is equivalent to
the equation you found in part (b).

We'll let &y =y, 25 = ', 23 = " and x4, = y". Then the system is

] =19
.I‘; = Iy
.'l.'{g = T4
Ty = —4zy — dzy — Sxs — 41y
0 1 0 0
0 0 1 0
and so A = 0 0 0 )

2. Consider the following system of second-order equations:

" + 32" + 4y’ — 2z = cost
y' — 4z —y+ 2y + 3z = sint
2+ 2 +3y+42+2' =0

Find a system of first-order equations to which this system is equivalent, and write it in vec-
tor/matrix form. (You do not have to solve the system).

Let zy =2, wo = 2", 23 =y, x4 = ', 15 = 2 and x5 = 2’. The system is equivalent to

T 0O 1 0 0 0 0 T 0

Ty 0 -3 0 -4 2 0 Ta cost

dlxz [ _ [0 0 0 1 0 0 T | 0

dt | =4 4 0 1 -2 =3 0 Ty sint

T o o o0 0 0 1 Ty 0
o | |0 2 3 0 -4 -1 ||z ]| [ 0 |




3. Find the general solution of X' = Ax, where A = [ 1 ? ]

The characteristic polynomial of Ais (1 —A)(1—A) + 9 = A% — 2)\ + 10, so the eigenvalues of A
are %(2 + /4 —40) =1+ 31.

=31
-1 -3

43| 3 T L 3 _ 3cos 3t 4| 3sin3t
e [ ; ] e'(cos 3t + isin 3t) [ ; } e [ ~ in3t + ie cos 3t
So the general solution of x" = Ax is

4| 3cos3t 4ot 3sin 3t
X=ac | _gn3t 2¢ cos 3t

. . 31
If instead you use the eigenvector [ _31

(s | 30 T L 3i _ —3sin 3t L ¢| 3cos3t
€ |: 1 ] e'(cos 3t + a::m-.it)[ 1 i| e [  cos 3t + i€ — gin 3¢

So the general solution of X' = Ax is

y [ Jsin 3t ] ; [ Jcos 3t ]
X = (1€ + o€

A—(1+3) = [ ] S0 an eigenvector is { ? ] And we have

] then you get

cos 3t sin 3t

(which is the same).




12.1: Non-diagonalizable coefficient matrices

4 0 0 0
0 -1 () ]
3. Let A = 0 0 1 0

1 -1 I -1

(a) Find the Jordan cancnical form J of A.

The eigenvalues of A are A = 4 and A = —1 (with multiplicity 3).
0 0o 0 0 5
_ o -5 0 o0 , 10
For A = 4, we have 4 — 4l = 0 0 -5 0| so an eigenvector is 0
1 -1 1 =5 1
5 000
o 000 .
For A = —1, we have A +1 = 0 000l which has rank 2, so there are only two
I -1 1 0
0 0
linearly independent eigenvectors, i and g . This means that the Jordan form of A is
0 1
4 0 0 0
J— 0 -1 1 0
S lo 0 -1 0
0 0 0 1

(b) Find a matrix P such that A = PJP~! (or, equivalently, J = P~1AP).

We have the eigenvectors for A = 4 and A = —1, and we need a generalized eigenvector for A = ~1.]
25 0 0 0 0
. 2 0000 . . 1
Since (A + 1)* = 000 0 | e take our generalized eigenvector to be v = 0
50 00 0
0 5 000
_ a 0 , |0 0 11
Then vy = (A + vy = 0 and so P = 0 00 1
—1 1 -1 00

(c) Find the general solution of the homogeneous system y’ = .Jy, where .J is the Jordan form
of A that you found in part (a) (this is equivalent to calculating ™).

1 0 0 0
The solution of y' = Jy isy = ¢;e™ :]] + cpe™t é + g™t ; + gt 3 . Or, you
0 0 0 I

could say that ¢ =

(d) Using your answer to parts (a), (b) and (c), write the general solution of the homogeneous
system x' = Ax.

51 0 (0 0
. ) . () 0 1
The solution of X' = Axisx = Py = ;e 0 +ope! 0 +ege”! 0 +ege™
| -1 -t 0]

*parts (a) and (b) are also listed in 7.1*



12.2: Non-homogeneous systems

. |0 2
5. Let;l—[l 1]

(a) Find the general solution of the system x" = Ax

The characteristic polynomial of Ais (=A)(1 —A) =2 =X - X —=2=(A—2)(A +1).

For,\=2,A_2|=[_2

2 . . 1
| _p |sean eigenvector Is e

For A=—-1 A+1= [ 1 i ] SO an eigenvector is [ _f ]

The general solution of x' = Ax is x = ¢;e% [ } ] + cpet [ _? ]

(b) The origin is the only critical point of the system x’ = Ax. What kind of critical point is
it?

| Since the eigenvalues of A are real and have opposite signs, the origin is a saddle point.

(c) Find the general solution of the system X = Ax + ¢’ [ f ]

. - 2
Undetermined coefficients: Guess x, = ¢'a. Then c¢'a = ¢'Aa + c"'[ | ] so we need a to

2

1 I 0]1 —3/2

ot [ V]t 2] L] 2
X =€ [1 + (a6 1 2(. 3

Variation of parameters: From (a) we have a solution matrix for the homogeneous system: X =

satisfy (1 — A)a = [

2
X, = —i¢ [ 3 ] and

}. The linear system [ __1 -2 ‘ 2 ] has solution a = [ _‘1 ] so

2% ot N ot o o
e —2e . . e 2e e 2e
[ 2t et J with det(X) = 3¢’ and X' = e l T J =3 { oo J So we
have

2et 1 [ 4et [ et —et
1 3
Xp = XJX [ ot ] = ng[ et ] =X [ _'11(_,2: = _{21(_,1

which agrees with the undetermined coefficients version.

*parts (a) and (b) are also listed in 11.1*



2. (a) Find the fundamental solution matrix of x' = Ax, where A = { (1) 1 } In other words,

calculate e

A is already in Jordan canonical form, with eigenvalue A = 1, so its fundamental solution matrix
N t
. e te
is X(t) = et = )
(®) [ 0 e ]

(b) Now find the general solution of x’ = Ax + f, for the matrix A in part (a) and the vector

17

Undetermined coefficients: Guess x = a, a constant vector. Substituting into the equation shows

that we need 0 = Aa+f,soa=—-A'f=— [ bl ] [ ? ] = [ :i ] So the general solution

0 1
is

or

Variation of Parameters: The Wronskian of our two solutions is the determinant of ¢4, so W = 2.

Then
o= x0 [xtora=| o [ ] T
[0 A
=[M fe’H—c "+ te ’-]z[—l}
0 & —et 1
as before.

(_Ej'

t+4

(c) Find the general solution of the equation y" — 2y + y =

Variation of parameters.

y2 f i f
¥ =1 dt = dt
y=n _[ T f W

J e e e [ g
_ (
e t+4 et 4

j—n’rwa-—d

b _ t .
=e Jt 2 Ldt +te'(In(t +4) + ¢2)

=e'(4In(t +4) —t +c)) + te' In(t + 4) + cote’

= 4e' In(t + 4) — te' +te' In(t + 4) + 1€’ + cote’

(You could absorb the —te* into the ¢y term and simplify to y = (£ + 4)e* In(t + 4) + 1€’ + cate’)




13.1: The geometry of systems of differential equations

5. Consider systems of the form 2’ = Ax where A is a matrix of the form
2 1
at—1 0

(a) For what values of a, if any, do all trajectories flow towards the origin (i.e., lim; ... z(t) =
(0,0) for all trajectories, a.k.a. solutions to they system, x)?

in which @ can be any real number.

The eigenvalues of A are the roots of (2 — A\)(=A) —(a* —1) =0, ie, A2 =2\ +1—a* =0, so

the roots are
2+ /4 —4+ 4da?
A= v - =1l+a
2
Thus, both eigenvalues are real, and for any value of a at least one of them is positive, so there
are no values of a for which all the trajectories flow toward the origin.

In fact, for —1 < a < 1, both eigenvalues are positive and the origin is an unstable node. If a > 1
or a < —1, then there is an eigenvalue of each sign and the origin is a saddle point, and if a = +1
then every point on the line y = —2x will be a critical (equilibrium) point. In this case, all the
trajectories on this line will neither flow towards or out of the origin.

(b) For what values of a, if any, do all trajectories flow out of the origin (i.e., lim; , . x(t) =
(0,0) for all trajectories, a.k.a. solutions to they system, x)?

‘ If —1 < a < 1 then both eigenvalues are positive, so the origin will be an unstable node .

(c) For what values of a, if any, do some trajectories flow out of the origin and all other
trajectories flow towards the origin?

‘ By the above analysis, there are no such values of a.




13.2: Nonlinear autonomous systems of differential equations

2'(t) = 4x(t) — 2y(t
3. (a) Find the general solution of the homogencous linear system: j( ) (t) y(t)
y'(t) = —2z(t) + 4y(t)

(b) Determine which figure below represents the trajectories of the solutions of the system.

You must justify your answer.

Figure 2
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Solutions

’(t)

(1
a) This system is of the form
(&) This & L;’(t)

y(t)

to 2 thus A\; = 2 is an eigenvalue of A with eigenvector v,

x(t 4 =2 ..
} =A [I( ):| where A = [ 9 4 } The rows add up
1 . .
= . Since the trace is sum
symmetric, the eigenvector vs

of eigenvalues, the other eigenvalue is A2 = 6. Since A is

. . . —1 .
of A; is orthogonal to v;. We can pick vy = e Thus general solution of the system

] o[ v 1]

Since the eigenvalues are distinct and positive, the trajectories form a source node, and
as v, has the largest eigenvalue, the trajectories are parallel to vs overtime, thus is must

(b)




7. Consider the linear system x' = Ax, where A = [ i (1] ]

(a) Of course, the origin is the only critical point of this system. What kind of critical point is
it?

Since the matrix A is lower triangular, its eigenvalues are A = 1 and A = 2. Therefore the origin
is an unstable node (improper source node).

(b) Sketch the phase portrait for this system, paying particular attention to straight-line tra-
jectories (if any), and to how (and in what direction) the other trajectories go as t — +a0.

We need the eigenvectors of A. For A = 1, an eigenvector is [ [1) } and for A = 2, an eigenvector

is [ ) } The trajectories will emanate from the origin, tangent to the y-axis (i.e., in the direction

of the eigenvector for the smaller eigenvalue, A = 1) and curve so they become parallel to the line
y = x (parallel to the eigenvector for the larger eigenvalue) as t — 0. The straight-line trajectories
are the positive and negative y-axis and the parts of the line y = x in the first and third quadrants.
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7. Consider the linear system x' = Ax, where A = [ ; i ]

(a) Of course, the origin is the only critical point of this system. What kind of critical point is
it?

Since det(A) = —5, the origin is a saddle point. Also, the sum of both columns is 5, so that is
one of the eigenvalues of A, and the other is —1, since the trace of A is 4.

(b) Sketch the phase portrait for the system x’ = Ax, drawing several representative trajectories
and indicating their direction.

The eigenvector for A = 5 is 9 ] — trajectories go out along this vector (and its negative). The

. . 1 . . . .
eigenvector for A = —1 is [ 1 ] and trajectories come in along this vector.
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8. Find and classify all of the critical (equlibrium) points of the nonlinear system

dx
E=(3—J)(y+4)
dy
i St )

For the critical points, we need both right-hand sides to be zero. The first one is zero if x = 3

or y = —4 and the second if © = 0 or y = 1. Therefore there are two critical points (3,1) and
(0, —-4).
The Jacobian of the system is J(x,y) = [ _1""__1;4 3__:" ]

-5
0

], which is a saddle.

At (3,1) we have J(3,1) = [ _g ] which is a stable node (or improper sink).

3

At (0,—4), J(0,—4) = [ g 0

For the record:
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8. Find and classify all of the critical (equlibrium) points of the nonlinear system

dr

- = 2-2)(d-y)
dy L
o (1 +1y)

For the critical points, we need both right-hand sides to be zero. The first cne is zero if x = 2

or y = 4 and the second if z = 0 or y = —1. Therefore there are two critical points (2, —1) and

(0,4).

The Jacobian of the system is J(z,y) = [ y—4 z-2 }
' y+1 o

-5 0

At (2,-1) we haveJ(?.—l):[ 0 2

], which has negative determinant so (2, —1) is a saddle
point.
At (0,4), J(0,4) =

For the record:

0 -2 L.
50 ] which is a center.




6. Consider a system

' = 2zx(x —2)(y + 3)
y'=(@+2)(y+4)

Find all critical points and describe the behavior of the system near these critical points.

For ' = 0 we need either z =0, z =2 or y = —3. If z = 0 or x = —2, then the second equation
says y = —4. If y = —3, then the second equation says x+ = —2. Thus there are three critical
points: (0,—4), (2,—4) and (-2, —3).

The Jacobian of the system is

J_ (e —4)(y+ 3) 2x(z —2)
T y+4 r+2

4 0

We have J(0,—4) = [ 0 2 ] so (0,—4) is an unstable note (all trajectories near (0, —4) flow

away from it).

Next, .J(2,—4) = { _(l] [_1} } so (2, —4) is a saddle point.
) 0 16 . . . .
And J(—2,-3) = ool which has eigenvalues +4, so this is also a saddle point.




